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CERTAIN CASES OF LOSS OF CONTROL
OVER THE MOTION OF SYMMETRICAL SYSTEMS”

M.I. FEIGIN

The bifurcations of pericedic motions of nonlinear systems are studied, which can
lead to a state in which the change in the sign of the control parameter ceases to af-
fect the character of the nonsymmetricmotion of the system. Results of the investiga-
tion of the concrete systems (piecewise connected and with power-type nonlinearity)
are given, illustrating the mechanism of the appearance of a malfunction.

It is known that, generally speaking, nonsymmetric motions can appear in symmetric systems
when the symmetric motions become unstable {e.g. /1/). The domain of the parameter values in
which the symmetric and nonsymmetric steady state modes are both stable, was discoveredin the
trigger scheme /2,3/. A&nalysis of a number of other symmetric systems has discovered numer—
ous symmetric and nonsymmetric motions, and the possibility of intersection of their domains
of existence /4—6/. In this connection a study of the cases in which a stable noncontrolled
motion exists along with a stable controlled motion /7/, becomes important. In practice, such
a situation is "potentially dangerous" since it is not discovered until the instant at which
the control is lost. It is essential that the determination of the position of the region,
within which loss of control may occur, in the parameter space, must be preceded by separa-
tion of the bifurcation nodes corresponding to the onset of the nonsymmetric motions.

The present paper deals with the cases of generation of nonsymmetric motions related to
the loss of stability of symmetric oscillations, as well as to the viclation of conditions of
their existence in the piecewise connected systems. It is shown that the corresponding bi-
furcation boundaries of stability and the C-boundaries of the parameter space are dangerous
/8/ and hysteretic, An oscillator with the displacement limiters and a system described by
the Duffing equation already investigated more than once are used as eXamples. The nodal
points at which nonsymmetric solutions with external force periods are generated and the
regions of possible loss of contrel are specified in the parameter space.

1. Generation of nonsymmetric motions from the symmetric when stability
is lost. Let smooth suxfaces s, and §. exist in the phase space y,...,%,; of the non-
linear dynamic system such, that the problem of the motions in question &z (f) can be reduced
to the study of a sequence of point transformations of these surfaces one onto the other

xy = {ty, Toy P B} Ty = [ (fp, 2, By, ), - . (1.1}

Here f* and f~ are periodic vector functions 27 -periodic in ¢, in which f* =0, f," =0
represent the equation of the surfaces 8, s. (%, {{)==0) and q,, 4  are parameters. We pass to
the new parameters a and p

g, = a4+ W, e = —a-+p
Let the following relations hold at g == 0:
e+ T, —2p, & + T, —a) = — J* (frex, T, &5, @) (1.2}
The above relations can naturally be called the conditions of symmetrizability, since in this
case symmetric solutions in the sense z(t+ I) = —z(l) are possible in the system. To study

the fixed point z, = &, == X4, tp, = t, — 27 = t, of the transformations (l.1l) corresponding to
a symmetric solution, it is sufficient to consider the first transformation of (1.l1), comple-
menting its conditions with

Ly == —y, b =ty — T {1.3)
Thus the coordinates 2y, Iy are given by the eguations
~Zy = " (te + T, 2y, ty, 0) (1.4)

and the stability is determined by the distribution, with respect to a unit circle, of the
roots of the characteristic polynomial
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dot F () =0 (1.5)

where F{(A) is a square matrix the elements of which are egual to the values of the correspond-
ing partial derivatives at the fixed point

af ot af* 1.6)
(Pu=a—;; + 8 Q=7+ T (
i=4,...,m j=1,..,n—1

inwhat follows, we shall regard the solution (1.4) as the reference supporting selution I'y and
introduce, for every point z; of the sequence (1.1), new variables &, 7

oy = (g + &, tx =ty + kT + (1)1, (1.7
Taking into account (1.2), we write the equations (1.1l) in the new variables in the form
B =2y + 1 (e + T — 1y, T4 + Lo le + 70,2+ 1) {1.8)

_§2=x*+j+(t,+T-{—Tg,x*—gnt*—‘?na—ﬂ)

The expressions (1.8) differ only in the signs of the variables E, v and . Therefore if
Te is known, then the coordinates of the point sequence generated by the phase trajectories
of the nonsymmetric system can be found using only the first system of equations of (1.8),
with the signs of §, 7, B reversed successively. Thus the periodic solutionthe trajectory of
which is obtained by joining two segments, is determined by the system of eguations (1.8) sup-
plemented by the conditions §;, = §,, 1, = 1,, or by the condition which can be written more
simply as Ey = E,, provided that the quantity T is formally understood to be the n-th co-
ordinate of the vector §

We study the bifurcation transitions by considering the motions close te T,. In addi-
tion to the parameter p characterizing the lack of symmetry in the system, we introduce the
parameter & by setting @ = g, 4 €, the change in which does not affect the symmetry. We note
that when a symmetric solution (es%0,u == 0) different from Iy is investigated, the cooxdinates
Ep» & satisfy, according to (1.3), (1.7), the relation

o= —8& (1.9)

Let the right-hand sides of equations {1.8) admit, for |phle/<€|a|, expansion into series
in the neighborhood of z,, f,, a,. We rewrite these equations in linearized form and transform
them, treating the sums E, -+ E, and differences E, — £y as the unknowns:

F (1) X (& + &) = —24p, F (1) x (§, — &) = —24e (1.10)
(4 = 6/*13a)
Here F (1) represents the matrix (1.6) for A =1 and A = —1, respectively. Ifdet F {(— 1)s= 0,

then from the first system of equations of (1.10) it follows that when p =0, i.e. in the sym-
metric system, there exists only a symmetric motion. 1In the nondegenerate case det F (+1)~ 0
we can assume that & = Q0 without loss of generality. Then the linearized equations (1.10) de-
termine the unique nonsymmetric solution

Ey = Ep =B = —F'(—1)4p {1.11)

This implies that, firstly, a single first system of equations of (1.8) supplemented by the
relation (1.1l) is sufficient for determining a nonsymmetric solution in the coordinates § and
T, with an error of p*, Secondly, a change in the character of the nonsymmetric motion of
the system, i.e. the change in the sign of the solution (l.7), can have two causes, namely the
change in the sing of the parameter N and the passage of the root of the characteristic equa-

tion (1.5) through the value A = —1, since

{%‘)m..; X (??a%)»-x <0 (1.12)

The degenerate case det F (—1) =0 corresponds to the existence, at p =0, of nonsymmetric
solutions §° = E = §; % 0 which are close to the reference solution. In this case (1.10) be-
comes insufficient for the determination of the coordinates of the first system of linearized
equations. Let the rank of the Jacobian of the first system of (1.8) be equal to n — 1 when

=0, and let us assume that when p =0,a =a, 4+ &, then any, e.g. the first n — 1 equations
will be sufficient to express the unknown coordinates of the nonsymmetric solution as functions
of 1° and e. We substitute °(r° s} into the last equation
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It + T —1% 20 +e°(x°+ 8), 8y +1%0a, +6 =0 (1.13)
and write it in the form of a series in 7° and §. In the general case of the degeneration
in question, the first nonzero terms will be those containing 7t°% and & The condition of
existence of the solution 712> 0 sought has the corresponding expression

R . 8% + af +
sign g == — sign (7]11;- X —6/;"—)

(1.14)
It follows that the change in ¢ during the passage thxough €& = { is accompanied, in the phase
space, by either an appearance or disappearance of two nonsymmetric periodic solutions. As
regards the symmetric solution (1.9}, it exists according to the second system of (1.10), for
both & >0 and &€<C0. Thus the boundary & = ( separates the region of existence of a sym-
metric solution from the region in which, in addition to the symmetric solution, a pair of
nonsymmetric solutions algo exists. The boundary between those two regions in the &, u para-
meter plane must be, generally speaking, irreversible (hysteretic) by virtue of the condition
(1.12). If the degeneration det F (—1) = 0 is connected with the symmetric solution's loss of
stability, then either two stable nonsymmetric solutions (Fig.la) appear at the node & =p =
0 , or the merger takes place with the pair of unstable nonsymmetric solutions (Fig.lb).

2. Generation of nonsymmetric motions at C-bifurcations. ILet the phase half-
space of the symmetric system be composed of regions of the same dimension Q@,, @3, and let
the phase trajectory [y be symmetrically distributed in @,. On changing the parameter a«
the C-bifurcation of the motion Ie is accompanied by the arrival of its trajectory at the
boundary of the region ®y and merger with the phase trajectory of the symmetric periodic mo-
tion TI's containing the part of the motion appearing in the region (®3. The fixed points cor-
responding to [y, I's are determined using the "shortened” equations of the transformations
generated by the phase trajectories, on the half-period of the motions only
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Zy = fu (1, 2y, ty, @), 2y = fa (81 241 1o, @) (z.1)

and artificially closed by the conditions (1.3). The stability of the fixed points is deter-
mined by the spectrum of the eigenvalues o Pi.

We shall denote the "semiperiodic" motions by 4,8 if they are stable, and by a,p if
they are unstable, and the total motions Iz, I'p we denote by AA, BB, an, pp (Fig.2). At the

C-birfucation the semiperiodic motions coincide, therefore the conditions used in determin-

ing the structure of the C(-boundary /6/ require the knowledge of the total number of real
values of @; and B: situated to the right of —+1({0,) and left of —1 (o).

1°. If o, is even, then both semiperiodic and complete motions transform into each other.

The following transition patterns are possible:
AA — BB, AA — BB, aa. — PP (2.2)

2°, 1f o, is odd, then the semiperiodic motions merge with complete motions and vanish.
Two cases are possible

AA! ﬁﬁ*@v o, ﬁﬁ“’"@ <2'3)

30. If o_ is odd, then the simplest bifurcations shown above are accompanied by the
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appearance (or disappearance) of a double semiperiodic motion the trajectory of which is com-
posed of the trajectories of the semiperiodic motions (Fig.2b) and corresponds to the non-
symmetric periodic motion. By virtue of the symmetry of the initial mathematical model the
oxder inwhich the semiperiodic motions are joined, is equivalent. Conseguently a pair of
nonsymmetric periodic motions AB,BA or af, Pa (Fig.2b) appears in (or disappears from) the
phase space at once. The transitions (2.2), (2.3) are accompanied by the change of sign of
the expression (1.5) at A = —1, therefore, when the control parameter p is introduced, the
dependence of the periodic solutions close to 44, aa andeB,ﬂﬂ,on p will have different signs
and the corresponding C-boundaries of the g, p parameter planewill be irreversible (hysteretic).

The location of the region of existence of the nonsymmetric modes relative to the (-
boundary is determined by the roots A of their characteristic equation, and the roots of the
double semiperiodic motion formally constructed from the semiperiodic motion. Let us denote
these roots by @ The motions constructed in this manner coincide in the case of C -bi-
furcation and conditions 1% 3° formulated above apply to them. Thus, depending on whether
the total number of real values of A; and o situated to the right of +1(0,) is even or odd
the region of existence of nonsymmetric motions either coincides with the region of existence
of Ty, or is situated on the other side of the C-boundary.

The process of determining the structure of the C-bifurcation transitions described here
can in turn be applied to periodic modes obtained by joining two, four, etc. semitrajectories.
Limiting ourselves to the double semiperiodic nonsymmetric motions, we find that apart from
(2.2), (2.3) the following structures of the C-bifurcation transitions are possible in the
symmetric systems. The change in the type of symmetric motion when a pair of nonsymmetric
motions appears, takes place when ¢_ is odd and o, , 0, are even. In this case the follow-
ing five structures are possible:

aa - BB, AB, BA; ao — B§, af, Ba
AA — BB, AB, BA; AA — BB, aB, Ba; aa — BB, af, Pa

A merger followed by a disapperance of two types of symmetric motions and of a pair of non-
symmetric motions will take place when all three numbers o,,o0_, 0, are odd, and three transi-
tion structures are then possible

AA, BB, aB, Po — ¢ aa, BB, AB, BA— o; aa, BB, aB, pu— o

3. The examination of the bifurcations of periodic motions carried out above enables us
to single out several interesting features of a possible behavior of the systems in the neigh-
borhood of the bifurcation boundaries. The first one is the high sensitivity of the motion
towards the lack of symmetry in the system (parameter p). According to (1.11), this should
be expected when |det F (—1)|«<< 1. This may prevent the strictly symmetric motions from being
obsexrved/9/. The second feature is the possibility of a reverse effect, namely, the detection of a.
"flickering" symmetric motion in the regions of the parameter values in which the symmetric
motions are unstable. The flickering mode can be observed in a narrow band of existence of
a pair of stable nonsymmetric motions, provided that the band is overlapped by the fluctuations
in the value of the parameter p. The third case is the possibility of loss of control over
the motion of symmetric systems when the change in the sign of the control parameter p ceases
to affect the character of the nonsymmetric motion of the system.

As the first example of the system in which the loss of control over the motion may occur,
we shall consider the forced vibrations of an oscillator with limiters described in the dimen-
sionless form by the egquations

St r=cosar, e <z<a, (3.1)
40 =—R(r—0),z=a,z=a

where R is the velocity restoration coefficient (0 << R <2 1). The collisionless periodic mo-
tions represent the forced steady state oscillations of a linear system

CO8 ©T

P(T)=1__m2cxcosmr, e ula, (3.2)
Let us pass to new parameters & = (a, —a_)/2, p = (a, + a_)/2. We introduce the point transform-
ations Ilp, and the transformations Il transforming the half-surface z =0,z > 0 onto the half-
surface z =0, 2’ << 0, generated by the trajectories of the system (3.1). The equations of Il

include the collision at the instant T = 1, & (v, 7,) and are written in the form

zy = —R (" + pysin 1y + (2 — po’) cos 1) (3.3)
Py —Potos Ty + (2 — po)sinty —a—p =20
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' = p’" + (p; — a — p) sin Ty + (2" — pi’) €08 Ty
Pe— (py—a—p)cos Ty + (7" — p1)sin T, =0
Ty =T; — T, Pi = p (13)

and the equations of [I are determined by a collisionless trajectory

Zs' = p2’ -+ Py sin Tog + (xy — py’) COs Tpq (3.4)
Dy — P €08 Tgy + (#0” — po’) 8in Tg3 = 0

when p = 0, the right-hand sides of the equations satisfy the conditions of symmetrizability
(1.2). The coordinates of the fixed point of the symmetric equation (stable BB, or unstable

PPs) with two collisions per period 27 = 2n/w are cbtained by complementing the equations
(3.3) by conditions (1.3). 1In the case of C=~bifurcation merger of the collision and collis-
ionless periodic solutions we either have ;>0 for Iy, or, in the case of [I (3.4) one
of the following conditions will hold:

v |=a+p p<O0 jx|=a—p, nz20 (3.5)
Analyzing the roots of characteristic equations at | =0 shows that the C-boundary

(3.5) corresponds to the simplest transition pBB,— AA and either separates the region of ex-
istence of the symmetric collisionless motion 44 from that of the nonsymmetric subharmonic

motions with a single collision per period 27T =2*n/w (k=1,2,...) within the frequency inter-
val
2Zn+i<tlo<<2n+1+2% n=0,1,2,.. (3.6)
or it represents aboundary at which they merge and subsequently vanish within the intervals
2n +1 +2*F<1/o<<2n + 14 279 (3.7}

The bifurcation pattern for the case when the nonsymmetric character of the system is taken
into account, is discussed for o =08, R =0.5. The structure of the C-boundary (3.5) is deter-
mined by the condition (3.6) for n=0, k=1, and by the roots of the characteristic equation
of the subharmonic, single collision solution of the order of %. When up=0, the structure
is described, within the framework of the motions under consideration, by the transition

BAAA, AAAB, o, af, PPs—A44

The symmetric, two-collision motion ff; retains its instability in the interval y=a/xe& (0.5
1,00, At y=0.5 it becomes stable, with the root passing through the value A= —1. We <can
sharpen the structure of such a bifurcation transition in accordance with the condition (1.14),
by setting y=05+¢. The case A= —1 has the corresponding solution z,”= —0.381, tg ot, = —0.105
and the values of the corresponding derivatives are z," = —0.546, 2z, = 0,307, =z = 1.38, fo = 0.68, f;, =
0.344. In accordiance with (1.14) a pair of nonsymmetric solutions ff, exists when e<0,
therefore we have, in the neighborhood of y= 0.5, p=0, the transition @B, fp., BB;, — pp; (Fig.
1b) along the axis a. The bifurcation node is a source of the limits of stability corres-
ponding to the root A=1 for one of the motions Pfs when pn<0, and for the other motion when
u>0.

The analysis of the nonsymmet-
ric motions of the type pa,ap yields
the following equations for the bound-
aries of stability(A = —1): a4+ p = 0.691
if —a-t-p<z(t)yy, —¢+ u=1089 when
a4+ p>z(Dpaxe The boundaries shown
extend to their intersections with
1.0 ] the C-boundaries of the C;or C,

' apperance of additional contact be-

tween the trajectories of motion and
the second limiter z= —a-+p oOr
z==a+ 1. The boundaries Ci and C,
originate at the node y=1, u=0and
intersect each other and the axis a
at the node y = 0495, The structure
of the boundaries in the parameter space is determined by the roots of the characteristic equa-
tions of soltuions of the type BBa, 4B,ap. If a single collision motion is stable, then we
have the transition PBpPa, 4B+, and we have Ppn,oB —aPpp if it is unstable.




751

Fig.3 depicts the separation of the ¥, W = u/x parameter plane into regions containing
various periodic motions, and the structures of the separated bifurcation boundaries are shown
within the framework of the periodic solutions under consideration. 1In the interval 08 <
y<1.0 the symmetric solutions are unstable, the boundaries ¢, and C, which determine the
region of existence of two stable nonsymmetric solutions, are situated in a narrow strip
|p'1<0.03. If the fluctations of p overlap the strip in question, a flickering symmetric mo-
tion can be expected. Such motion is indeed observed when the behavior of the system is sim-
ulated on an analog computer.

The control over the motion can be lost in the interval 0.48 <y <052. Fig.4 depicts the
relations

1zr
Ty =74 S z (T, p)dr
0

for some values of the parameter y obtained analytically and by modelling on a digital com-
puter. The case of y=0.505 should be treated separately, since when p’'= ¢, we have several
nonsymmetric stable solutions while the symmetric solution is found to be unstable. The latter
is easily discovered and the problem of control can be solved by choosing the interval of
variation equal to |p'|>0,05 (similar cases occur, e.g. in investigating the control of ships).
A crisis situation can still arise in the interval |p' | <045 when the system passes into an
uncontrollable mode of motion (indicated by an arrow).

J J
25
02 7 .
| 0.505— V7 Feb23,
o _A———"10.500— L
¢ 0480+ Z 4
~002 ——— A S’ 001 o P U

1 -0.2 v %

y=o500 P30 | "

~04
Fig.4 Fig.5

As a second example we consider a system with power type nonlinearity described by the
Duffing equation

2" 4+ 022" + 2z 4 52° = F cos ot + p

The region of possible loss of control over the motion was separated by, first Qetermining
the nodes at which the nonsymmetric solutions were generated at the fundamental frequency. We
shall use the qualitative pattern of the structure of the parameter space obtained in the
previous example. The nonsymmetric solutions were appearing at the frequency = 0,8 when
the limiters of the oscillator displacements were moved nearer to each other. In theDuffing
equation the increase in the value of F corresponds to "converging of the limiters".

Integrating the equations numerically on a computer using the Runge —Kutta method, enabl-
ed us to separate the interval of possible loss of control 55< F< 8.0 in which the nonsym-
metric solutions exist. The symmetric solution is stable when F< 6.7. It becomes unstable
with increasing F>6.7, and generates an additional pair of stable nonsymmetric solutions
including the solutions which are subharmonic, but sufficiently close to the symmetric solu-
tions.

It should be noted that from the practical point of view it is often sufficient to in-
spect the behavior of the system at prescribed values of the parameters, without concerning
ourselves with the concrete types of the motions actually taking place.

Fig.5 depicts the relation

2T

Tw={zewa
0

In the case of F =16, loss of control is possible in the interval |[p|<0,07, and for the case
F=175 in the interval |p]|<<0,1. The crisis situation is accompanied by an unexpected passage
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of

the system into the uncontrollable mode of motion (indicated by an arrow).
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